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We present new oscillation criteria for a nonlinear second order differential
equation with a damping term. An essential feature of our results is that we do not
require the nonlinearity to be nondecreasing. Furthermore, as opposed to the
Žrecent results by S. R. Grace 1989, Math. Nachr. 141, 117127; 1992, J. Math.
. ŽAnal. Appl. 171, 220241 and S. R. Grace and B. S. Lalli 1990, J. Math. Anal.
.Appl. 149, 277311 , we do not impose any additional condition on the damping
Ž .term p t . Consequently, our theorems apply to new classes of equations which are
not covered by the known criteria. The relevance of the results obtained is
illustrated with a number of carefully selected examples.  2000 Academic Press
INTRODUCTION
The purpose of this paper is to study oscillation of the second order
nonlinear differential equation with a damping term
r t  x t x t  p t x t  q t f x t  0, t t , 1Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž . 0
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Ž . 1Ž . Ž .. Ž . Ž . Ž .. Ž .where t  0, r t  C t , ; 0, , p t  C t , ; , , q t 0 0 0
Ž .  .. Ž .  .C t , ; 0, , q t is not identical zero on t, for some t t ,0 0
Ž . Ž . ŽŽ . Ž .. Ž .f x ,  x  C , ; , , and  x  0 for x 0.
 . Ž .As usual, a function x: t , t  , , t  t is called a solution of0 1 1 0
Ž . Ž . Ž .  .Eq. 1 if x t satisfies Eq. 1 for all t t , t . We consider only proper0 1
Ž .solutions of Eq. 1 , i.e., those non-constant solutions which exist for all
t t and satisfy0
sup x t  0.Ž .
tt0
Ž . Ž .A proper solution x t of Eq. 1 is called oscillatory if it has no largest
Ž .zero; otherwise it is called nonoscillatory. Finally, we say that Eq. 1 is
oscillatory if all its proper solutions are oscillatory.
Oscillatory and nonoscillatory behavior of solutions for different classes
of linear and nonlinear second order differential equations has been
Ž  	studied by many authors see, for example, 126 and the references
.  	quoted therein . Some papers 12, 13, 15, 16, 2123 are concerned with
Ž .particular cases of Eq. 1 such as linear equations
x t  q t x t  0, 2Ž . Ž . Ž . Ž .
r t x t  q t x t  0, 3Ž . Ž . Ž . Ž . Ž .Ž .
and the nonlinear equation
r t x t  q t f x t  0. 4Ž . Ž . Ž . Ž . Ž .Ž . Ž .
Ž . Ž .A great deal of oscillation criteria for Eqs. 1  4 has been obtained by
using the technique which involves the average behavior of the integral of
Ž .  	the coefficient q t and originates from the papers by Wintner 22 ,
 	  	Hartman 12 , and Kamenev 13 , where sufficient conditions for oscillation
Ž .of Eq. 2 have been obtained.
In the sequel, the aforementioned results have been extended to differ-
ent classes of equations by various authors. We refer the reader to the
 	  	  	papers by Yan 25 , Philos 16 , and Li 15 , where one can follow the
Žrefinement of the ideas and methods cited above see also corrections to
 	.the latter paper in Rogovchenko 17 .
Ž .Presence of the damping term in Eq. 1 requires modification of
approaches to the study of oscillatory properties of solutions. A number of
oscillation criteria for nonlinear equations with damping can be found, for
 	  	  	  	example, in papers by Baker 1 , Bobisud 2 , Butler 3 , Grace 46 , Grace
 	  	  	and Lalli 79 , Grace et al. 10 , Kirane and Rogovchenko 14 , Ro-
 	  	  	govchenko 19 , Yan 24, 25 , and Yeh 26 .
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 	 Ž .Very recently, the results obtained by Philos 16 for Eq. 2 have been
Ž .  	  	extended to Eq. 1 by Grace 4, 6 and Grace and Lalli 8 under the
assumption that for x 0 either
f  xŽ .
 K 0 5Ž .
 xŽ .
or
f  x  K 0 and 0 C
  x 
 C . 6Ž . Ž . Ž .1
In addition, the sign of the damping coefficient p had been chosen in
accordance with the conditions imposed on the functions f and  .
The purpose of the present paper is to derive new oscillation criteria for
Ž .  	Eq. 1 which complement and extend those in 49, 18, 2426 . We use a
 	technique similar to that exploited by Grace 6 , Kirane and Rogovchenko
 	  	  	  	14 , Philos 16 , Rogovchenko 1820 , and Yan 25 . As has been men-
 	tioned by Grace 6, Remark 2, p. 241 , it is of interest to derive results
 	similar to 6, Theorems 38 which have been obtained for particular cases
Ž . Ž . Ž . Ž .of Eq. 1 with p t  0 or  x  1 for the more general Eq. 1 . This
 	 Ž .paper answers the questions addressed in 6 for the case of Eq. 1 with
Ž .nonmonotonous nonlinearity Theorems 13 . We do not impose condi-
tions on the sign of the damping coefficient at all, and since we also do not
require f to be nondecreasing, our criteria cover new classes of equations
 	to which known results 49, 14, 18, 2426 do not apply. The relevance of
our theorems becomes clear due to a number of carefully selected exam-
ples. As opposed to most recent papers on oscillation providing mainly
Ž . Ž .illustrative examples, Eqs. 17 and 41 have been intentionally chosen to
Ž . Ž .have an oscillatory solution, while Eq. 46 has a solution satisfying 44 .
1. OSCILLATION CRITERIA
Ž . 4 Ž . 4DEFINITION. Let D  t, s : t s t and D t, s : t s t .0 0 0
Ž Ž ..We say that a function H C D; , belongs to a class P if
Ž . Ž . Ž .i H t, t  0 for t t , H t, s  0 in D ;0 0
Ž .ii H has a continuous and nonpositive partial derivative in D with0
respect to the second variable.
THEOREM 1. Assume that
f xŽ .




  x 
 C , 8Ž . Ž .1
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for some constants K, C, C and for all x 0. Suppose further that the1
Ž Ž ..functions h, H C D, , are such that H belongs to the class P and
H ' t , s  h t , s H t , s for all t , s D . 9Ž . Ž . Ž . Ž . Ž .0 s
1Ž . Ž ..If there exists a function  C t , ; 0, such that0
1 Ct 1 2lim sup H t , s  s   s r s Q t , s ds , 10Ž . Ž . Ž . Ž . Ž . Ž .HH t , t 4Ž . tt 0 0
where
1 1 p2 tŽ .
 t   t Kq t   ,Ž . Ž . Ž . ž /ž /C C 4 r tŽ .1
p s  sŽ . Ž . 'Q t , s  h t , s   H t , s ,Ž . Ž . Ž .
C r s  sŽ . Ž .1
Ž .then Eq. 1 is oscillatory.
Ž . Ž .Proof. Let x t be a nonoscillatory solution of Eq. 1 , and let T  t0 0
Ž .be such that x t  0 for all t T . Without loss of generality, we may0
Ž . Ž .assume that x t  0 for all t T since the case when x t is eventually0
negative can be treated analogously. Let
r t  x t x tŽ . Ž . Ž .Ž .
 t   t . 11Ž . Ž . Ž .
x tŽ .
Ž . Ž .Differentiating 11 and making use of 1 , we obtain for t T0
f x tŽ .Ž .
  t  t q tŽ . Ž . Ž .
x tŽ .
1 1
2 p t  t   tŽ . Ž . Ž .
r t  x t  tŽ . Ž . Ž .Ž .
 t f x t p2 t  tŽ . Ž . Ž . Ž .Ž .
  t  t q t Ž . Ž . Ž .
 t x t 4 r t  x tŽ . Ž . Ž . Ž .Ž .
2'1 1 p t  tŽ . Ž .
  t Ž .ž /r t  x t 2Ž . Ž .Ž . ' tŽ .
 tŽ .
  t . 12Ž . Ž .
 tŽ .
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Ž . Ž . Ž .In view of 7 and 8 , we conclude by 12 that for t T0
1 1  t p2 tŽ . Ž .
  t 
K t q t  Ž . Ž . Ž . ž /C C 4 r tŽ .1
 t 1 1Ž .
2  t  p t  t   tŽ . Ž . Ž . Ž .ž / t C r t  tŽ . Ž . Ž .1
p t  t 1Ž . Ž .
2 t    t   t , 13Ž . Ž . Ž . Ž .ž /C r t  t C r t  tŽ . Ž . Ž . Ž .1 1
Ž .where  t is defined above.
Ž . Ž .Multiplying both parts of 13 by H t, s and integrating from T to t, we
have for t T T0
t




 H t , s   s dsŽ . Ž .H
T
p s  sŽ . Ž .t
 H t , s   s dsŽ . Ž .H C r s  sŽ . Ž .T 1
1t 2 H t , s  s dsŽ . Ž .H C  s r sŽ . Ž .T 1
H t , T  TŽ . Ž .
2
H t , s 1Ž .t
  s  C  s r s Q t , s ds'Ž . Ž . Ž . Ž .H 1(C  s r s 2Ž . Ž .T 1
C t1 2  s r s Q t , s ds.Ž . Ž . Ž .H4 T
Therefore, for t T T we obtain0
Ct 1 2H t , s  s   s r s Q t , s ds
H t , T  TŽ . Ž . Ž . Ž . Ž . Ž . Ž .H 4T
2
H t , s 1Ž .t
  s  C  s r s Q t , s ds. 14'Ž . Ž . Ž . Ž . Ž .H 1(C  s r s 2Ž . Ž .T 1
OSCILLATION OF A DAMPED EQUATION 123
Ž . Ž .It follows from 14 and ii that for t T0
Ct 1 2H t , s  s   s r s Q t , s dsŽ . Ž . Ž . Ž . Ž .H 4T0

H t , T  T 
H t , t  T . 15Ž . Ž . Ž . Ž . Ž .0 0 0 0
Ž . Ž .Further, by 15 and ii we have
Ct 1 2H t , s  s   s r s Q t , s dsŽ . Ž . Ž . Ž . Ž .H 4t0
CT 10 2 H t , s  s   s r s Q t , s dsŽ . Ž . Ž . Ž . Ž .H 4t0
Ct 1 2 H t , s  s   s r s Q t , s dsŽ . Ž . Ž . Ž . Ž .H 4T0
T0
H t , t  s ds  T . 16Ž . Ž . Ž . Ž .H0 0
t0
Ž .By 16 we obtain
1 Ct 1 2lim sup H t , s  s   s r s Q t , s dsŽ . Ž . Ž . Ž . Ž .HH t , t 4Ž . tt 0 0
T0
  s ds  T ,Ž . Ž .H 0
t0
Ž .and the latter inequality contradicts the assumption 10 of the theorem.
Ž .Hence, Eq. 1 is oscillatory.
Ž .COROLLARY 1. Let assumption 10 be replaced by
1 t
lim sup H t , s  s ds Ž . Ž .HH t , tŽ . tt 0 0
and
1 t 2lim sup  s r s Q t , s ds .Ž . Ž . Ž .HH t , tŽ . tt 0 0
Then the conclusion of Theorem 1 holds.
Since Theorem 1 is of a high degree of generality, it is convenient for
applications to derive a number of oscillation criteria with the appropriate
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choice of the functions H and h. Following the classical ideas of Kamenev
 	 Ž .13 , we define H t, s as
n1H t , s  t s , t , s D ,Ž . Ž . Ž .
where n is an integer and n 2. Evidently, HP. Furthermore,
Ž .n3 2h t , s  n 1 t s , t , s D ,Ž . Ž . Ž . Ž .
Ž .is continuous on D and satisfies 9 . Therefore, by Theorem 1 we obtain
the following oscillation criterion.
Ž . Ž .COROLLARY 2. Assume that 7 and 8 hold. If there exists a function
1Ž . Ž .. C t , ; 0, such that for some integer n 20
Ct 1n1 n31nlim sup t t s  s   s r s t sŽ . Ž . Ž . Ž . Ž .H 4tt 0
2
p s  sŽ . Ž .
 n 1  t s ds ,Ž .ž /ž /C r s  sŽ . Ž .1
Ž . Ž .where  s is as in Theorem 1, then Eq. 1 is oscillatory.
EXAMPLE 1. Consider the nonlinear differential equation
22 x tŽ .
21 cos t x t  2 sin t cos t x tŽ . Ž . Ž .21 x tŽ .
18
2 20 cos t x t 1  0, t 1. 17Ž . Ž . Ž .22 x tŽ .
Ž . Ž . Ž .Obviously, for all x , one has 1
  x 
 2 and f x x 1.
Ž .Let n 3 and  t  1. A straightforward calculation yields
2 21 sin s cos st 2 2lim sup t s 20 cos sŽ .H2 2t 2 1 cos sŽ .1t
221 cos s sin s cos s
 2 ds2ž /2 1 cos s
1 t 2 lim sup 15 t s ds.Ž .H2t 1t
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Ž . Ž .Hence, Eq. 17 is oscillatory by Corollary 2. In fact, x t  cos t is an
oscillatory solution of this equation. We note that since
x 2  4 x 2  10Ž . Ž .
f  x  ,Ž . 222 xŽ .
Ž . Ž . Ž . Ž .both f  x and f  x  x change sign on , four times. There-
Ž . Ž . Ž .fore, neither 5 nor 6 hold. Furthermore, since the coefficient p t 
2 sin t cos t in Example 1 is oscillatory, conditions imposed on it by Grace
 	  	4, 6 and by Grace and Lalli 8 are not verified. A simple inspection with
Ž . n  	the same choice  t  t as in 6, 8 shows that assumptions
Ž . Ž . Ž Ž . Ž ..  		 p t 
 0, p t  t  0 for all t t 6, Theorem 1 ;1 0
Ž . Ž Ž . Ž ..  		 r t  t 
 0 for all t t 6, Theorem 2 ;2 0
Ž . Ž . Ž . Ž . Ž . 	 r t  t  p t  t  0 for all t t 8, Theorem 1, Corol-3 0
	lary 1 ;
Ž . Ž . Ž . Ž . Ž . Ž Ž . Ž . Ž . Ž ..	 r t  t  p t  t  0 and r t  t  p t  t 
 0 for all4
 	t t 6, Theorem 8; 8, Theorems 5 and 7 ;0
Ž . Ž .  		 p t 
 0 for all t t 8, Theorems 2, 4, and 65 0
Ž . Ž . Ž .all fail for Eq. 17 since all the functions in 	  	 are oscillatory for1 5
any n 0 and for t t :0
p t  sin 2 t ;Ž .
p t  t  t n1 2 t cos 2 t n sin 2 t ;Ž . Ž . Ž .Ž .
r t  t  nt n2 t sin 2 t n 1 1 cos2 t ;Ž . Ž . Ž . Ž .Ž . Ž .
r t  t  p t  t  t n1 n 1 cos2 t  t sin 2 t ;Ž . Ž . Ž . Ž . Ž .Ž .
r t  t  p t  t  t n2 n n 1 1 cos2 tŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž
 1 3n t sin 2 t 2 t 2 cos 2 t .Ž . .
Therefore, the results due to Grace and Grace and Lalli do not apply to
Ž .Eq. 17 .
Ž .The following two oscillation criteria Theorems 2 and 3 treat the cases
Ž .when it is not possible to verify easily condition 10 .
Ž .THEOREM 2. Let H and h be as in Theorem 1, let f and  satisfy 7 and
Ž .8 , correspondingly, and assume that
H t , sŽ .
0 inf lim inf 
 . 18Ž .
H t , tst t Ž .0 0
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1Ž . Ž .. Ž . Ž ..If there exist functions  C t , ; 0, and 
 C t , ; ,0 0
such that for t t , T t0 0
1 t 2lim sup  s r s Q t , s ds , 19Ž . Ž . Ž . Ž .HH t , tŽ . tt 0 0

 2 sŽ .t 
lim sup ds , 20Ž .H
 s r sŽ . Ž .tt 0
and
1 Ct 1 2lim sup H t , s  s   s r s Q t , s ds 
 T ,Ž . Ž . Ž . Ž . Ž . Ž .HH t , T 4Ž . Tt
21Ž .
Ž . Ž . Ž . Ž Ž . .where  s , Q t, s are as in Theorem 1 and 
 t max 
 t , 0 , then Eq.
Ž .1 is oscillatory.
Ž . Ž .Proof. As above, we assume that there exists a solution x t of Eq. 1
Ž .  . Ž . Ž .such that x t  0 on T , for some T  t . Defining  t by 11 , in0 0 0
Ž . Ž .the same way as in Theorem 1 we obtain inequality 14 . By 14 we have
for t T T0
1 Ct 1 2H t , s  s   s r s Q t , s ds
 TŽ . Ž . Ž . Ž . Ž . Ž .HH t , T 4Ž . T
2
1 H t , s 1Ž .t
  s  C  s r s Q t , s ds.'Ž . Ž . Ž . Ž .H 1(H t , T C  s r s 2Ž . Ž . Ž .T 1
Hence, for T T0
1 Ct 1 2lim sup H t , s  s   s r s Q t , s ds
 TŽ . Ž . Ž . Ž . Ž . Ž .HH t , T 4Ž . Tt
1
 lim inf
H t , Tt Ž .
2
H t , s 1Ž .t
  s  C  s r s Q t , s ds.'Ž . Ž . Ž . Ž .H 1(C  s r s 2Ž . Ž .T 1
Ž .By 21 we have for T T0
1
 T  
 T  lim infŽ . Ž .
H t , Tt Ž .
2
H t , s 1Ž .t
  s  C  s r s Q t , s ds.'Ž . Ž . Ž . Ž .H 1(C  s r s 2Ž . Ž .T 1
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It follows from the latter inequality that for T T0
 T  
 T 22Ž . Ž . Ž .
and
2
1 H t , s 1Ž .t
lim inf  s  C  s r s Q t , s ds'Ž . Ž . Ž . Ž .H 1(H t , T C  s r s 2t Ž . Ž . Ž .T0 10

 T  
 T M .Ž . Ž .0 0
Therefore, for t T we have0
1
 lim inf
H t , Tt Ž .0
2
H t , s 1Ž .t
  s  C  s r s Q t , s ds'Ž . Ž . Ž . Ž .H 1(C  s r s 2Ž . Ž .T 10
1 H t , sŽ .t 2 ' lim inf  s  H t , s Q t , s ds.Ž . Ž . Ž .HH t , T C  s r st Ž . Ž . Ž .T0 10
23Ž .
Ž . Ž .Define the functions 	 t and  t as follows:
1 H t , sŽ .t 2	 t   s ds,Ž . Ž .HH t , T C  s r sŽ . Ž . Ž .T0 10
1 t ' t  H t , s Q t , s  s ds.Ž . Ž . Ž . Ž .HH t , TŽ . T0 0
Ž .Then 23 may be written as
lim inf 	 t   t  . 24Ž . Ž . Ž .
t
In order to show that

2 sŽ .
ds , 25Ž .H
 s r sŽ . Ž .T0
we suppose, contrary to our claim, that

2 sŽ .
ds . 26Ž .H
 s r sŽ . Ž .T0
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Ž .By 18 , there exists a positive constant  such that
H t , sŽ .
inf lim inf   0. 27Ž .
H t , tst t Ž .0 0
Ž .It follows from 26 that for any number  0 there exists T  T such1 0
that
 2 s Ž .t
ds for all t T .H 1 s r s Ž . Ž .T0
Hence, for t T we obtain1
2s1 1  uŽ .t
	 t  H t , s d duŽ . Ž .H HH t , T C  u r uŽ . Ž . Ž .T T0 10 0
2s1 1 H t , s  uŽ . Ž .t
  du dsH HH t , T C  s  u r uŽ . Ž . Ž .T T0 10 0
2s1 1 H t , s  uŽ . Ž .t
  du dsH HH t , T C  s  u r uŽ . Ž . Ž .T T0 11 0
 1 1 H t , s  H t , TŽ . Ž .t 1  ds . 28Ž .H
 H t , T C  s C  H t , TŽ . Ž .T0 1 1 01
Ž .By 27 we have
H t , sŽ .
lim inf   0.
H t , tt Ž .0
Therefore, there exists a T  T such that2 1
H t , TŽ .1   for all t T .2H t , tŽ .0
Ž .Consequently, by 28 we have
	 t  C for all t T .Ž . 1 2
Due to the fact that  is an arbitrary constant, we conclude that
lim 	 t  . 29Ž . Ž .
t
OSCILLATION OF A DAMPED EQUATION 129
 4 Ž .Consider now a sequence t  T , such that lim t   andn n1 0 n n
lim 	 t   t  lim inf 	 t   t .Ž . Ž . Ž . Ž .n n
n t
Ž .By 24 , there exists a natural number N such that
	 t   t 
M for all nN , 30Ž . Ž . Ž .n n
Ž .where the constant M has been defined above. It follows from 29 that
lim 	 t  .Ž .n
n
Ž .Hence, 30 yields
lim  t . 31Ž . Ž .n
n
Ž . Ž .Furthermore, by 30 and 31 we have for large values of n
 tŽ .n  1  ,
	 tŽ .n
Ž .where  0, 1 is a constant. Hence, for n large enough
 tŽ .n
  1 0. 32Ž .
	 tŽ .n
Ž . Ž .It follows from 31 and 32 that
 tŽ .n
lim   t  . 33Ž . Ž .n	 tn Ž .n
On the other hand, by the Schwarz inequality, for any natural number n
2
1 H t , sŽ .t nn2 t   s C  s r s Q t , s ds'Ž . Ž . Ž . Ž . Ž .Hn 1 n(2 C  s r sH t , T Ž . Ž .Ž . T 1n 0 0
21 H t , s  sŽ . Ž .t nn
 dsHH t , T C  s r sŽ . Ž . Ž .Tn 0 10
1 tn 2 C  s r s Q t , s dsŽ . Ž . Ž .H 1 nH t , TŽ . Tn 0 0
1 tn 2
 	 t C  s r s Q t , s ds .Ž . Ž . Ž . Ž .Hn 1 nH t , TŽ . tn 0 0
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Thus, for n large enough we obtain
 2 t C 1Ž . tn 1 n 2
  s r s Q t , s ds.Ž . Ž . Ž .H n	 t  H t , tŽ . Ž . tn n 0 0
Ž .It follows from 33 that
1 tn 2lim  s r s Q t , s ds . 34Ž . Ž . Ž . Ž .H nH t , tn Ž . tn 0 0
Consequently,
1 t 2lim sup  s r s Q t , s ds ,Ž . Ž . Ž .HH t , tŽ . tt 0 0
Ž . Ž .but the latter contradicts the assumption 19 . Hence, 26 fails to hold.






 s  sŽ . Ž .
ds
 ds ,H H
 s r s  s r sŽ . Ž . Ž . Ž .T T0 0
Ž . Ž .which contradicts the assumption 20 . Therefore, Eq. 1 is oscillatory.
The following criterion follows directly from Theorem 2 with the same
choice of the functions H and h as in Corollary 2.
Ž . Ž .COROLLARY 3. Assume that 7 and 8 hold. If there exist functions
1Ž . Ž .. Ž . Ž .. C t , ; 0, and 
 C t , ; , such that for all T t0 0 0
Ž .and for some integer n 2 condition 20 is erified,
t n31nlim sup t  s r s t sŽ . Ž . Ž .H
tt 0
2
p s  sŽ . Ž .
 n 1  t s ds ,Ž .ž /ž /C r s  sŽ . Ž .1
and
Ct 1n1 n31nlim sup t t s  s   s r s t sŽ . Ž . Ž . Ž . Ž .H 4Tt
2
p s  sŽ . Ž .
 n 1  t s ds 
 T ,Ž . Ž .ž /ž /C r s  sŽ . Ž .1
Ž . Ž .where  s is as in Theorem 1, then Eq. 1 is oscillatory.
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Proof. The proof is evident since
n1H t , s t sŽ . Ž .
lim  lim  1,n1H t , tt tŽ . t tŽ .0 0
for any s t .0
THEOREM 3. Let H and h be defined as in Theorem 1, let f and  satisfy
Ž . Ž . Ž .7 and 8 , respectiely, and let 18 hold. If there exist functions 
1Ž . Ž .. Ž . Ž .. Ž .C t , ; 0, and 
 C t , ; , such that for T t 200 0 0
holds and
1 t
lim inf H t , s  s ds , 35Ž . Ž . Ž .HH t , tt Ž . t0 0
1 Ct 1 2lim inf H t , s  s   s r s Q t , s ds 
 T ,Ž . Ž . Ž . Ž . Ž . Ž .HH t , T 4t Ž . T
36Ž .
Ž . Ž . Ž . Ž .where  s , Q t, s and 
 s are as in Theorem 2, then Eq. 1 is
oscillatory.
Ž . Ž .Proof. Assume again that there exists a solution x t of Eq. 1 such
Ž .  . Ž . Ž .that x t  0 on T , for some T  t . Defining  t by 11 , we0 0 0
Ž .conclude by 14 that for T T0
1 Ct 1 2lim inf H t , s  s   s r s Q t , s ds
 TŽ . Ž . Ž . Ž . Ž . Ž .HH t , T 4t Ž . T
1
 lim sup
H t , TŽ .t
2
H t , s 1Ž .t
  s  C  s r s Q t , s ds.'Ž . Ž . Ž . Ž .H 1(C  s r s 2Ž . Ž .T 1
Ž .It follows from 36 that for T T0
 T  
 TŽ . Ž .
1 H t , sŽ .t
 lim sup  sŽ .H (H t , T C  s r sŽ . Ž . Ž .Tt 1
2
1
 C  s r s Q t , s ds.' Ž . Ž . Ž .12
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Ž .Consequently, for T T inequality 22 holds and0
1
lim sup
H t , TŽ .t 0
2
H t , s 1Ž .t
  s  C  s r s Q t , s ds
M ,'Ž . Ž . Ž . Ž .H 1(C  s r s 2Ž . Ž .T 10
where M is as in Theorem 2. Therefore,





H t , TŽ .t 0
2
H t , s 1Ž .t
  s  C  s r s Q t , s ds'Ž . Ž . Ž . Ž .H 1(C  s r s 2Ž . Ž .T 10

M , 37Ž .
Ž . Ž . Ž .where 	 t and  t are defined in the proof of Theorem 2. By 36 we
have
1 Ct 1 2
 t 
 lim inf H t , s  s   s r s Q t , s dsŽ . Ž . Ž . Ž . Ž . Ž .H0 H t , T 4t Ž . T0 0
1 t

 lim inf H t , s  s dsŽ . Ž .HH t , Tt Ž . T0 0
C 1 t1 2 lim inf  s r s Q t , s ds. 38Ž . Ž . Ž . Ž .H4 H t , Tt Ž . T0 0
Ž . Ž .It follows from 35 and 38 that
1 t 2lim inf  s r s Q t , s ds . 39Ž . Ž . Ž . Ž .HH t , Tt Ž . T0 0
Ž .  4 Ž .By 39 , there exists a sequence t  T , such that lim t  n n1 0 n n
and
1 tn 2lim  s r s Q t , s dsŽ . Ž . Ž .H nH t , Tn Ž . Tn 0 0
1 t 2 lim inf  s r s Q t , s ds . 40Ž . Ž . Ž . Ž .HH t , Tt Ž . T0 0
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Ž . Ž .Suppose now that 26 holds. As in Theorem 2, we conclude that 29
Ž . Ž .holds. By 37 , there exists a natural number N such that 30 is verified.
Ž .Proceeding as in the proof of Theorem 2, we obtain 34 , which contradicts





 s  sŽ . Ž .
ds
 ds ,H H
 s r s  s r sŽ . Ž . Ž . Ž .T T0 0
Ž . Ž .which contradicts the assumption 20 . Hence, Eq. 1 is oscillatory.
Ž . Ž .COROLLARY 4. Assume that 7 and 8 hold. If there exist functions
1Ž . Ž .. Ž . Ž .. C t , ; 0, and 
 C t , ; , such that for any T t0 0 0
Ž .and for some integer n 2 condition 20 is erified,
t n11nlim inf t t s  s ds ,Ž . Ž .H
t t0
and
Ct 1n1 n31nlim inf t t s  s   s r s t sŽ . Ž . Ž . Ž . Ž .H 4t T
2
p s  sŽ . Ž .
 n 1  t s ds 
 T ,Ž . Ž .ž /ž /C r s  sŽ . Ž .1
Ž . Ž . Ž .where  s and 
 s are as in Theorem 2, then Eq. 1 is oscillatory.
EXAMPLE 2. Consider the nonlinear differential equation
2 22 cos t 1 x tŽ .
x t  2 sin t cos t x tŽ . Ž .2 21 cos t 2 x tŽ .
229 1 cos t 1 1Ž .
 x t   0, t 1. 41Ž . Ž .2 2910 cos t 1 x tŽ .
Ž . Ž .It is easy to see that for all x , one has 12
  x 
 1 and
Ž . Ž . 2f x x 19. Let n 3 and  t  t . A straightforward computation
yields
22 2 2 21 1 cos s sin s cos s 1 cos sŽ . Ž .t 2 2lim inf t s s  dsŽ .H2 2 2t 10 cos s 2 cos st 1
21 4 t s 4Ž .t

 lim dsH2 2 11t 11st 1
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and
22 2 2 21 1 cos s sin s cos s 1 cos sŽ . Ž .t 2 2lim inf t s s Ž .H2 2 2t 10 cos s 2 cos st T
22 21 2 cos s 2 sin s cos s 1 cos s 2Ž .
 2  t s dsŽ .2 2 2ž /ž /s4 s 1 cos s 2 cos s
22 '1 t s 2 t t s 6Ž .t
 lim   dsH2 2ž / ž /5s s 4t st T
'2 6 71
   .3 2 100T3T 2T
Finally,
2 2'2 6 71 1 1 cos st
lim sup   dsH 3 2 2 2ž /100 s3s 2 s s 2 cos s1t
22'1 200 150 s 6  213st
 lim ds.H 2ž /2 300 st 1
Ž . Ž .Hence, Eq. 41 is oscillatory by Corollary 4. In fact, x t  cos t is an
oscillatory solution of this equation. We point out that since
x 2  2 x 2  5Ž . Ž .
f  x  ,Ž . 229 1 xŽ .
Ž . Ž . Ž . Ž .both f  x and f  x  x change sign on , four times. As a
Ž . Ž .consequence, neither 5 nor 6 is verified. Furthermore, since the coeffi-
Ž . Ž .cient p t  2 sin t cos t in Eq. 41 is oscillatory, in the same way as in
Ž .Example 2 one can easily check that conditions imposed on p t by Grace
 	  	4, 6 and Grace and Lalli 8 fail to hold. Therefore, none of results due to
Ž .Grace and Grace and Lalli apply to Eq. 41 .
2. ASYMPTOTICS OF THE FORCED EQUATION
In this section we study asymptotic behavior of solutions of the forced
nonlinear equation with damping
r t  x t x t  p t x t  q t f x t  e t . 42Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .
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THEOREM 4. Let assumptions of Theorem 1 be satisfied and suppose that
Ž . Ž ..the function e C t , ; , is such that0

 s e s dsN . 43Ž . Ž . Ž .H
Ž . Ž .Then any proper solution x t of Eq. 42 satisfies
lim inf x t  0. 44Ž . Ž .
t
Ž . Ž .Proof. Let x t be a proper solution of Eq. 42 . To obtain a contradic-
tion, suppose that
lim inf x t  L 0,Ž .
t
Ž .so that x t is nonoscillatory. Without loss of generality, we may assume
Ž .  . Ž .that x t  0 on T , for some T  t . Differentiating the function  t0 0 0
Ž .defined by 11 and using assumptions of the theorem, we obtain for
t T0
p s  s 1Ž . Ž .
2  t 
 t    t   tŽ . Ž . Ž . Ž .ž /C r s  s C  t r tŽ . Ž . Ž . Ž .1 1
1
  t e t .Ž . Ž .
L
Hence, for t T T we have0
t t
H t , s  s ds
 H t , s   s dsŽ . Ž . Ž . Ž .H H
T T
p s  sŽ . Ž .t
 H t , s   s dsŽ . Ž .H ž /C r s  sŽ . Ž .T 1
1t 2 H t , s  s dsŽ . Ž .H C  s r sŽ . Ž .T 1
1 t
 H t , s  s e s ds.Ž . Ž . Ž .HL T
Therefore,
Ct 1 2H t , s  s   s r s Q t , s ds
H t , T  TŽ . Ž . Ž . Ž . Ž . Ž . Ž .H 4T
2
H t , s 1Ž .t
  s  C  s r s Q t , s ds'Ž . Ž . Ž . Ž .H 1(C  s r s 2Ž . Ž .T 1
1 t
 H t , s  s e s ds. 45Ž . Ž . Ž . Ž .HL T
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Ž . Ž . Ž .It follows from 43 , 45 , and ii that for any t T0
Ct 1 2H t , s  s   s r s Q t , s dsŽ . Ž . Ž . Ž . Ž .H 4T0
1 t

H t , T  T  H t , T  s e s ds.Ž . Ž . Ž . Ž . Ž .H0 0 0L T0
The rest of the proof is similar to that of Theorem 1.
EXAMPLE 3. Consider the nonlinear differential equation
22 x t 1 1Ž .
t x t  x t  t x t Ž . Ž . Ž .2 2ž /ž / 91 x t 1 x tŽ . Ž .
108 t 2  72 t 8  11t10  252 t16  10 t18
 , t 1. 46Ž .25 89t 1 tŽ .
Ž . Ž . Ž .Obviously, for all x , one has 1  x 
 2 and f x x 19.
Ž .Let n 3 and  t  t. It is easy to see that

2 8 10 16 18108 s  72 s  11s  252 s  10 s
s ds,H 25 89s 1 sŽ .
Ž .so that the assumption 43 of Theorem 4 is verified. Finally, a simple
computation yields
1 1 1 1t 2lim sup t s s s 1Ž .H2 2ž /ž /9 2t 4 s1t
2s 1 1
 2  t s ds.Ž .ž /ž /2 2 s s
Ž . Ž .Hence, by Theorem 4 all proper solutions of Eq. 46 satisfy 44 . In fact,
Ž . 4 Ž .x t  t is such a solution. We note that as in Example 2 both f  x and
Ž . Ž . Ž .f  x  x change sign on , four times. Therefore, assumptions
Ž . Ž .  	5 and 6 fail to hold. Consequently, the results due to Grace 4, 6 and
 	 Ž .Grace and Lalli 8 do not apply to Eq. 46 .
Remark. It is also possible to apply Theorems 14 with a choice of
Ž .H t, s different from that discussed in the paper. For example, one may
consider
n1dzt
H t , s  , t , s D ,Ž . Ž .H
 zŽ .s
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where n 2 is a constant and  is a positive continuous function on





Most of this paper was written during the visit of the second author to the University of
Picardie which he thanks for its warm hospitality.
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